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This contribution discusses the geometry of kD crystal cells given by (k + 1) points in a
projective space Rn+1. We show how the concepts of barycentric and fractional (crystallo-
graphic) coordinates, reciprocal vectors and dual representation are related (and geometrically
interpreted) in the projective geometric algebra Rn+1 (see [2]) and in the conformal algebra
Rn+1,1. The crystallographic notions of d-spacing, phase angle (in structure factors), extinc-
tion of Bragg reflections, and the interfacial angles of crystal planes are obtained in the same
context.
1 Crystal planes in geometric algebra of projective space
We first consider the barycentric coordinates of projective geometry and their relationship to
the fractional coordinates of crystallography.
In an offset 2D plane a point x ∈ Rn+1 can be represented as a linear combination of three
points a, b, c ∈ Rn+1 in general location. (We can set n = 3, but our results are valid for
general n.) If the three points are of unit weight, the linear combination becomes an affine
combination
x = αa+ βb+ γc, α+ β + γ = 1, α, β, γ ∈ R. (1)
We compute the coefficients by subtracting c on both sides and wedging with a = a− c ∈ Rn
and b = b− c ∈ Rn, respectively
x = x− c = αa + βb + (α+ β + γ − 1)c = αa + βb ∈ Rn. (2)
We obtain β as a ratio of oriented areas by
x ∧ a = βb ∧ a ⇒ β =
x ∧ a
b ∧ a
= −
x ∧ a
a ∧ b
, and similarly α =
x ∧ b
a ∧ b
, (3)
and therefore
γ = 1− α− β = 1−
x ∧ b
a ∧ b
+
x ∧ a
a ∧ b
= 1−
x ∧ (b − a)
a ∧ b
. (4)
In the denominator of α and β we have the oriented volume (area) a ∧ b ∈
∧2
R
n of a cell
(parallelogram spanned by a and b). In the crystallography of 2D crystals, point c is often
called the origin of the cell, and the coordinate values α and β are called fractional coordinates.
The barycentric coordinates α, β, γ can be used to interpolate a scalar property S : Rn → R
given at the vertexes a, b, c to a value at x: Sx = αSa + βSb + γSc.
We further observe, that the vectors
a ′ = b/(a ∧ b), b ′ = −a/(a ∧ b) (5)
are also called reciprocal vectors in crystallography. They have the property that
a⌋a ′ = a⌋(b(a ∧ b)−1) = (a ∧ b)(a ∧ b)−1 = 1, (6)
by applying (A ∧B)⌋C = A⌋(B⌋C), ∀A,B,C ∈ Rn+1, for the second equality. Similarly
b⌋b ′ = 1, a⌋b ′ = a⌋[a(a ∧ b)−1] = (a ∧ a)(a ∧ b)−1 = 0, b⌋a ′ = 0. (7)
Since, by applying again (A ∧ B)⌋C = A⌋(B⌋C), we can conversely rewrite the coefficient
equations as
α =
x ∧ b
a ∧ b
= x⌋[b/(a ∧ b)] = x⌋a ′, and similarly β = x⌋b ′, (8)
where we observe the familiar role of reciprocal vectors in crystallography. Note that geomet-
rically the inverse of a ′ is the rejection of a from b
a ′−1 = (a ∧ b)b−1 = P⊥b (a), (9)
which can be interpreted as the perpendicular distance vector of a from the line c ∧ b. And
likewise
b ′−1 = (b ∧ a)a−1 = P⊥a (b), (10)
the perpendicular distance vector of b from the line c ∧ a.
If we add the two reciprocal vectors we obtain
a ′ + b ′ = b/(a ∧ b)− a/(a ∧ b) = (b − a)/(a ∧ b) = s−1, (11)
i.e. the inverse of the support vector s ∈ Rn (relative to point c) of the line a∧b = (c+s)(b−a)
with direction vector b − a .
In Grassmann algebra and in Clifford’s geometric algebra the subspace spanned by two
linearly independent vectors is given by their outer product. And in projective geometric
algebra indeed the outer product of two points (interpreted as outer product null space [OPNS])
spans the line through these two points, including its offset from the origin e0
p ∧ q = e0 ∧ (q − p) + p ∧ q = e0 ∧ a +M , (12)
where we used unit points (scalar multiples would span the same subspace). For any point
x = αp + βq,∀α, β ∈ R on the line has zero outer product with p ∧ q
x ∧ (p ∧ q) = 0 ⇔ x = αp+ βq, α, β ∈ R. (13)
We recognize a = q − p ∈ Rn as the direction vector of the line. Reshaping M = p ∧ q by
Cramer’s rule to rectangular shape
M = p ∧ (q − p) = r(q − p) ⇔ r = (p ∧ q)(q − p)−1 = Ma−1, (14)
we find it to be the moment (bivector) M = ra of the line, i.e. the geometric product of
its distance vector r ∈ Rn from the origin, times a . r is also called (perpendicular) support
vector (relative to the origin e0) with projective point representation
r = e0 + r . (15)
An alternative specification is the point-direction representation (or line-bound vector from an
affine perspective) of the line space bivector
p ∧ q = p ∧ (p− q) = p ∧ a , (16)
where p is a point on the line and a the direction vector.
The above example of an offset 2D plane spanned by 3 points can easily be generalized to
barycentric coordinates in a 3D subspace spanned by 4 points a, b, c, d. If these points are unit-
weight points, then an affine combination represents every other point x = αa+ βb+ γc+ δd.
With analogous definitions x = x− d, etc., to the plane case the first three coefficients α, β, γ
will be the usual fractional coordinates of crystallography for a 3D crystal cell with origin d.
The result is that in the 3D case the first three barycentric coordinates of x, corresponding
to fractional coordinates of crystallography, are given by
α =
x ∧ b ∧ c
a ∧ b ∧ c
, β =
a ∧ x ∧ c
a ∧ b ∧ c
, γ =
a ∧ b ∧ x
a ∧ b ∧ c
, (17)
where a = a− d, b = b− d, c = c− d.
The reciprocal vectors of a 3D cell with cell vectors a , b , c are
a ′ =
b ∧ c
a ∧ b ∧ c
, b ′ =
c ∧ a
a ∧ b ∧ c
, c′ =
a ∧ b
a ∧ b ∧ c
, (18)
where the denominator a ∧ b ∧ c is the oriented 3-volume of the cell, and the numerator
is obtained by removing the vector, whose reciprocal vector is to be defined. The inverse
reciprocal vectors are heights of corresponding points over a side face of the parallelepiped cell
a ′−1 = P⊥b∧c(a), b
′−1 = P⊥c∧a (b), c
′−1 = P⊥a∧b (c), (19)
i.e. the height vectors of a over side plane b ∧ c ∧ d, of b over c ∧ a ∧ d, and c over a ∧ b ∧ d,
respectively. The reciprocal vectors fulfill
a⌋a ′ = b⌋b ′ = c⌋c′ = 1, while all other products vanish b⌋a ′ = c⌋a ′ = 0, . . . (20)
We further observe that adding the three reciprocal vectors gives the inverse of the support
vector (relative to point d) of the plane a ∧ b ∧ c = sA, s = (d + s) ∈ Rn+1, with direction
bivector A and moment trivector M
s−1 = a ′ + b ′ + c′ =
b ∧ c + c ∧ a + a ∧ b
a ∧ b ∧ c
= A/M . (21)
The concept of affine combination of k + 1 (unit-weight) points a1, . . . , ak, a to determine
any other point x in the offset kD subspace thus spanned leads to the corresponding barycentric
and fractional coordinates, as well as the reciprocal vectors (aˇ l means to omit a l = al − a)
a ′l = (−1)
l−1(a1 ∧ . . . aˇ l . . . ∧ ak)/(a1 ∧ . . . ∧ ak), (22)
of a kD parallelepiped cell of crystallography. The inverse of each reciprocal vector
a ′
−1
l = P
⊥
(−1)l−1a1∧...aˇ l...∧ak
(a l) (23)
is again the rejection of a l from the (k−1)D side face a1∧ . . . aˇ l . . .∧ak, i.e. the height vector
of point al over the side face (k − 1)D plane a1 ∧ . . . aˇl . . . ∧ ak ∧ a. Vectors and reciprocal
vectors are related by
am⌋a
′
l = δm,l, 1 ≤ m, l ≤ k, (24)
where δm,l = 1 for m = l, and δm,l = 0 for m 6= l. Any vector x in the offset kD subspace
spanned by a1, . . . ak, a can be represented as
x =
k∑
l=1
(x⌋a ′l)al + (1−
k∑
l=1
x⌋a ′l)a = a+
k∑
l=1
(x⌋a ′l)(al − a)⇔ x = x− a =
k∑
l=1
(x⌋a ′l)a l (25)
The first k barycentric coordinates x⌋a ′l, 1 ≤ l ≤ k correspond thus to the fractional coordi-
nates of a kD crystallographic cell, projectively embedded in Rn+1. Equation (25) represents
a parametric equation of a kD offset subspace in projective geometric algebra, to be compared
with the (k + 1)-blade representation a1 ∧ . . . ∧ ak ∧ a.
The support vector of the (k− 1)D offset subspace Πk−1 = a1 ∧ . . . ∧ ak relative to point a
is given by
d−1 =
k∑
l=1
a ′l. (26)
If the offset subspace is a hyperplane, i.e. k = n, then its dual representation (as inner
product null space [IPNS]) is given by the point
pi = Πn−1(Ia)
−1 = a− d−1 = a−
n∑
l=1
a ′l ∈ R
n+1. (27)
The previously mentioned OPNS representation and the dual IPNS representation are directly
related by the duality operation (multiplication by the inverse pseudoscalar of Rn+1, I is the
pseudoscalar of Rn)
x⌋pi = x⌋[Πn−1(I a)
−1] = (x ∧Πn−1)(Ia)
−1, (28)
which holds again because of (A ∧B)⌋C = A⌋(B⌋C).
Therefore if the points a1, . . . an, a represent an nD crystal cell, with a as the origin of the
cell, then any hyperplane of the space lattice formed by applying translations Ta l [ ], 1 ≤ l ≤ n,
can be dually represented by points pi (setting a = e0 for simplicity)
pi(h1,...,hn) = e0 − d
−1
(h1,...,hn)
= e0 −
n∑
l=1
hla
′
l, ∀hl ∈ Z, 1 ≤ l ≤ n. (29)
For n = 3 the (relatively prime) integer coefficients are usually called Miller indexes
pi(hkl) = e0 − d
−1
(hkl) = e0 − (ha
′
1 + ka
′
2 + la
′
3), ∀h, k, l ∈ Z. (30)
Example 1 (Plane with (hkl) = (1, 3, 2)) Assume a plane with Miller indexes (hkl) = (1, 3, 2).
Then we can immediately write down the dual point form of the plane
pi(1,3,2) = e0 − d
−1
(1,3,2) = e0 − (1a
′ + 3b′ + 2c′). (31)
We can compute the distance vector between two neighboring planes as
− d−1(1,3,2) = e0⌋(e0 ∧ pi(1,3,2))⇒ d(1,3,2) = −[e0⌋(e0 ∧ pi(1,3,2))]
−1 (32)
The socalled d-spacing of two neighboring planes is given by the length |d | of the support
vector d
dhkl = |d (hkl)| = |e0⌋(e0 ∧ pi(hkl))|
−1. (33)
2 Crystal planes in conformal geometric algebra
The conformal model of Euclidean space (in the GA of R3+1,1), which adds two null-vector
dimensions for the origin e0 and infinity e∞ such that
X = x +
1
2
x 2e∞ + e0, e
2
0 = e
2
∞ = X
2 = 0, X⌋e∞ = −1. (34)
The +e0 term integrates projective geometry, and the +
1
2x
2e∞ term ensures X
2 = 0. The
inner product of two conformal points gives their Euclidean distance and therefore (in IPNS)
a plane µ equidistant from two points A,B as
X⌋A = −
1
2
(x − a)2 ⇒ X⌋(A −B) = 0, (35)
µ = A−B ∝ n + d e∞, (36)
where n is a unit normal to the plane and d its signed scalar distance from the origin. Reflect-
ing at two parallel planes µ, µ′ with distance t/2 we get the so-called translator (translation
operator by t )
X ′ = µ′µX µµ′ = T−1t XTt , Tt = 1 +
1
2
te∞. (37)
Reflection at two non-parallel planes µ, µ′ yields the rotation around the µ, µ′-intersection line
axis by twice the angle subtended by µ, µ′.
Group theoretically the conformal group C(3) is isomorphic to O(4, 1) and the Euclidean
group E(3) is the subgroup of O(4, 1) leaving infinity e∞ invariant. Now general translations
and rotations are represented by geometric products of vectors. For an application of these
concepts to interactive crystal symmetry visualization see [3, 4].
A 2D crystal plane (hkl) through three conformal points
Ah = e0 + a/h+
1
2
a2
h2
e∞, Bk = e0 + b/k +
1
2
b2
k2
e∞, Cl = e0 + c/l +
1
2
c2
l2
e∞, (38)
is given (in OPNS) by the conformal 4-blade
Π(hkl) = Ah ∧Bk ∧ Cl ∧ e∞. (39)
The reciprocal (dual) conformal vector represntation of the (hkl) plane (IPNS) is
pi(hkl) = Π
∗
(hkl) = d
−1
hkl + e∞. (40)
The meet of any point P = e0+ p +
1
2p
2e∞ with the plane Π(hkl) gives the distance of P from
Π(hkl) in units of the d-spacing of Π(hkl)
P ∨Π(hkl) = Π
∗
(hkl)⌊P = (d
−1
hkl
+ e∞)⌊(e0 + p +
1
2
p2e∞) = d
−1
hkl
∗ p − 1. (41)
The meet P ∨Π(hkl) allows therefore to directly compute the phase angle in the structure factor
F (hkl) of an atom at point P in a crystal cell as
φ = 2piP ∨Π(hkl). (42)
Selecting a general position vector P with p = xe1+ye2+ze3 and subjecting it to a space
group symmetry operation given by a conformal versor V : P 7→ P ′ = AdV (P ) = V̂
−1PV ,
allows to compute the phase angle of the symmetrical position P ′
φ′ = 2piP ′ ∨Π(hkl). (43)
This may lead to extinction of the hkl Bragg reflection for
φ′ − φ = 2pi(P ′ − P ) ∨Π(hkl) = (2n+ 1)pi, n ∈ Z. (44)
The interfacial angle θ between two crystal planes (h1k1l1) and (h2k2l2) given by their
reciprocal representation vectors
pi1 = pih1k1l1 = d
−1
h1k1l1
+ e∞ = d
−1
1 + e∞, pi2 = pih2k2l2 = d
−1
h2k2l2
+ e∞ = d
−1
2 + e∞, (45)
is defined as
cos θ =
Π1 ∗ Π2
|Π1||Π2|
=
pi1 ∗ pi2
|pi1||pi2|
=
(d−11 + e∞) ∗ (d
−1
2 + e∞)
|d1|−1|d2|−1
=
d1 ∗ d2
|d1||d2|
, (46)
since d−1j = d j/|d j |
2, d j ∗ e∞ = 0, j = 1, 2, and because the factors |d j|
2, j = 1, 2, in the
numerator and denominator cancel out.
By instead using unit norm reciprocal representation vectors, we can use the counter n ∈ Z
in
pi(hkl) = n (hkl) + n d(hkl) e∞, pi
2
(hkl) = n
2
(hkl) = 1, (47)
to faithfully represent every single plane in the family of crystal planes given by the reciprocal
vector d−1(hkl) = n (hkl)/d(hkl) ∈ R
n. For n = 0 the plane pi(hkl) = n(hkl) includes the origin.
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